A small binomial theorem problem

Yue Kwok Choy
Question If x+l:1 , prove that x7+L7:1.
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(1) = x7 +—= [+7(1)+21(-2)+35(1) = x" +— =1
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Method 2 x+l:1 =x"+l=x =>x"-x+1=0
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x’ +L=(aib)7 +(@aFb) =2[a’ +21a°b* +35a°b* +7ab6]
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Method 3 X+l=1 =x"+l=x =>x’-x+1=0
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Now, X7=(X7—X6+X5)+(X6—X5+X4)—(X4—X3+X2)—(X3—X2+X)+X
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Divide (1) by x #0 ,weget —=— . (2
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(1) + (@), X' +—=x+—=1.
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Method 4

x+l:1 =S>x’+l=x =x’-x+1=0 e (D
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X +——| x+—|=x"—-x)-| ——— |=x(x" -1)-—=(x° -1)=(x" =-1] x ——
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=(X3+1XX3—1{X—L7J=(X+1)(X2—X+1XX—1)(X2+X+1{X—L7J=O , by (1)
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x+—=1 :>(x+—) =1 =>x+2+—=1 =x'+—5=-1
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x3+L=[X2+%)(X+lj—(x+lj=(—l)(l)—l=—2
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x’ +i=[x3 +i3j(x2 +L2]—(x+lj=(—2)(—l)—l=l
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qu:[xuisj(xz+L2Hx3+i3j=(1)(_1)_(_2)=1
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Note: If unzxn+in then we have: u, =uu —u, , ,where k<n.
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In particular, u_,, =u,u,—u, , ,where n>1.

Method 6 (For those who know complex number)

x+l:1 =Sx*+l=x = x’—x+1=0
X
1+4/=-3 1 3 no..x
=X = =—+1—=CcoS—+1SIn—
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By de Morivres’ Theorem,
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